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Computer-aided methods can considerably simplify the use of
he product operator formalism for theoretical analysis of NMR
henomena, which otherwise becomes unwieldy for anything but
imple spin systems and pulse sequences. In this report, two
reviously available programming approaches using symbolic al-
ebra (J. Shriver, Concepts Magn. Reson. 4, 1–33, 1992) and
umerical simulation using object-oriented programming (S. A.
mith, T. O. Levante, B. H. Meier, and R. R. Ernst, J. Magn.
eson. A 106, 75–105, 1994) have been extended to include the use
f gradient operators for simulation of spatially localized NMR
pectroscopy and gradient coherence selection. These methods are
emonstrated using an analysis of the response of an AX3 spin
ystem to the STEAM pulse sequence and verified with experi-
ental measurements on lactate. © 1999 Academic Press

Key Words: NMR; spectral simulation; product operator formal-
sm; Mathematica; GAMMA; STEAM.

INTRODUCTION

The theory ofJ coupling in NMR is well understood, and t
volution of spin coherences under the action of RF pulse
e conveniently described using the product operator for

sm (1, 2). However, the algebra involved in the analysis
oupled spins for multiple-pulse sequences applied to
ounds with more than three or four coupled spins beco
xtremely tedious. For these more complex coupled spin c
omputational methods can greatly facilitate the analysis
xample, we recently demonstrated the use of direct num
imulation (3, 4), using the publicly available GAMMA librar
5). Other recent examples of direct numerical simulation
xist (4, 6). In addition, it has been shown that symbo
lgebra packages such as Mathematica can be used to p

he product operator calculations (7).
While either of these two different computational

roaches may be used to simulate the observed NMR resp
hey are also complementary. In general, numerical simula
re considerably faster, require less memory, and can b
ied out for complex systems that would be difficult to simu
ymbolically. On the other hand, direct inspection of the a
raic terms in a representation of the density matrix ope
an provide insight into the evolution of individual cohere

erms as well as provide their contributions to the resultanR
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MR signal. This capability can be useful for designing
uences to select specific coherence transfer pathways (8).
There are many situations where an accurate spectral

ation of complex systems is desirable, for example, to pro
priori information for parametric spectral analysis (9) and to
djust pulse sequence parameters to optimize observatio
articular compound (10). Our previous use of the GAMM

ibrary was for generation of thea priori spectral informatio
frequencies, relative amplitudes, and phases) for known t
etabolites when subjected to a particular localization
uence (3). This information was then used for the ba

unctions in a parametric analysis ofin vivo 1H spectra ob
ained from human brain. This simulation approach prov
ccurate information for each compound for which theJ cou-
ling and chemical shift values are known. The simula
pproach offers considerable flexibility, enabling spectra

ormation to be easily generated for any pulse sequence
ameter set, and field strength (3).

The GAMMA library uses a density matrix description
he spin system and provides an object-oriented program
pproach for the simulation of NMR experiments. Howe

he density matrix description of a spin system does not in
ntly include the ability to account for spatially depend
ariables that are necessary to simulate a number of N
cquisition sequences, including those used for spatial l

zation. This capability can be incorporated using additio
rogramming, for example, by repeatedly simulating a
ponse for multiple spatial positions, subject to the var
nfluences of gradients and frequency-selective pulses. H
ver, this approach significantly increases computationa
uirements. In this report, the capability of the GAMM

ibrary has been extended to enable efficient methods
imulation of gradients. This extended capability was use
imulate the response of an AX3 system to the STEAM (11)
patial localization pulse sequence. Algebraic results hav
ently been presented for this problem (12), which provide a
eliable base for comparison of the results presented he
hould be emphasized that the results discussed in this
odel the gradients applied between the RF pulses (Fig. 1
ot the localization gradients. It is the effects of the betw

tF pulse gradients on the resulting spectra that are of interest.
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147SIMULATION OF PULSE SEQUENCES
he effects of localization gradients and non-ideal sha
ulses can also be modeled. This can be done by conside
f evolution of the spin system, during application of
haped pulse, for a number of effective field strengths
onsidering separate simulations of the shaped pulse in
tant fields, and then summing the results, rather than tre
he gradient pulse as an operator, the fact that RF and gra
ulse operators do not commute can be effectively igno
his, however, is not the subject of this report and will no
iscussed further.
There are a number of packages available for perform

ymbolic product operator calculations (7, 13). In this repor
he package described by Shriver (7) was modified and ex
ended to include gradient selection operators, and the abi
etain only product operator combinations that could give
o observable magnetization. This latter step greatly red
he time and memory requirements for the STEAM simulat
f an AX3 system. Finally, we confirmed the accuracy of
umerical simulations and symbolic computations by com

son with experimental results obtained for lactate (an3

pin system) at 14 T. The longer-term goal of this work i
pply the tools developed to more complicated spin syst
nd to other localization experiments. Although there is s
uplication of the report of Wilman and Allen (12) with respec

o the analysis of the AX3 spin system, a more detailed exp
mental verification of the theoretical results is provided,
dditional information is presented.

METHODS

To obtain model spectra it is first necessary to calculate
volution of the density operators associated with the c
ounds of interest, under the pulse sequence of interest
volution of the density operator is given by the Liouville–v
eumann equation:

ṡ 5 2i\@H, s#. [1]

or this report only time-independent Hamiltonians,H, are
onsidered. In this case, the solution to Eq. [1] is given
ally by

s~t! 5 e2Hts~0!eHt. [2]

As discussed in the Introduction, spin evolution subjec
he STEAM sequence is considered. Previous reports
emonstrated experimental and theoretical analyses (12), en-
bling convenient comparison with the results obtained.
TEAM sequence consists of three 90° pulses, with each

ollowed by gradient pulses as indicated in Fig. 1. Although
AMMA package is capable of simulating realistic pu
hapes, for simplicity, and to facilitate comparison with

ymbolic calculations, ideal (rectangular) RF pulses have bew
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ssumed. As in (12), it has been assumed that the grad
pplied during the TM period was strong enough that
ero-order coherences (i.e., coherences that are insensi
his gradient) could be refocused in the final TE/2 period
enerate observable signal.
To test the methods described below, the effect of

TEAM sequence on the lactate AX3 system was studied. Th
pin system was selected because the product operator
ations under STEAM have been previously reported in
iterature (12), yet the calculations are sufficiently complica
o constitute a meaningful test of both numeric simulations
ymbolic product operator calculations.

umerical Simulations Using GAMMA

The most efficient way of generating model spectra is
umerical simulation. For spin systems with more than fiv
ix spins, numerical simulations are in fact the only prac
eans of obtaining theoretical spectra as analytical cal

ions are simply too difficult. In this report, simulation of t
TEAM experiment is facilitated by introducing efficie
ethods for simulation of the effects of the gradients app
etween the RF pulses into the GAMMA package.
To simulate STEAM, consideration of spatially depend

radient-induced phases for the spin coherences is nece
lthough the GAMMA package does not specifically prov

his functionality, it can be added simply by performing a la
umber of simulations for spin systems with different effec
pectrometer frequencies during the gradient periods, and
ining the results. However, this approach can be very t
onsuming. Simulation of the effect of a gradient requ
imulations at hundreds of points (in each spatial dimensio
ocalization sequences). For example, a typical si
AMMA simulation of STEAM for a four-spin system tak
n the order of tens of seconds (on a SPARC 20). Thus, th
f hundreds of individual simulations (for the gradient valu

FIG. 1. Schematic of the STEAM pulse sequence. This shows RF p
ith the same phase, and gradient pulses in thez direction, as was use
xperimentally.
enould require on the order of hours for simulation of a single
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148 YOUNG ET AL.
ulse sequence that included gradients, for a four-spin sy
iven that one of the potentially important applications

hese methods is to search for optimal values for mul
equence parameters for observation of a variety of spin
ems, significant reductions in simulation times are usefu
his report advantage is taken of insights gained from
roduct operator calculations regarding coherence trans
enerate a computationally efficient simulation scheme
imulating gradients, and therefore for simulating STEAM
The effects of the gradients in the initial and final

eriods, shown in Fig. 1, are to change the phase of term
oherence orderp by an amount2pg(G z r )t, whereg is the
yromagnetic ratio of the nucleus being considered,G is the
radient vector,r is the position vector of the spin system, a
is the duration of the gradient pulse. A straightforward wa
imulating the gradients, i.e., the effects of theG z r term,
ould be to specify a set of effective spectrometer frequen

n GAMMA, corresponding to a set of spatial locations.
tead, the assumption that the gradient strengths and dur
re sufficient to produce zero net transverse magnetizat
sed. As indicated above, each coherence order above ze
e viewed as a vector quantity with an associated phase.

he effect of a gradient pulse is to produce a distributio
hases for each coherence order above zero, with the
ngle depending upon the spatial position of the spins
imulate the effect of the gradients, we may consider jus
rojections of the individual coherences upon thex and y
oordinate axes in the rotating frame. The initial magnetiza
s represented by coherence terms of order zero. As the
o coherence order zero terms following the first 90° pulse
ffect of the first gradient is to distribute the coherences

hat there are equal projections about thex, y, 2x, and 2y
xes. Each coherence projection is reduced by the factop

rom the original coherence magnitude. The fate of each
ection is then followed by separate GAMMA simulations.
ach of the projections, the second 90° pulse can produce
nd higher-order coherences, but the gradient during the
eriod effectively destroys all but the zero-order coheren
ollowing the third 90° pulse, the final gradient adds additio
hase equal to that produced by the initial gradient.
educes the coherence projection by a factor ofp/4, without
roducing any net projections in other directions. Note tha
et reduction is the product of the individual reductions
)(p/4) 5 1

2, i.e., the familiar net decrease in amplitude of1
2 for

he STEAM sequence.
In summary, the effect of the gradients was simulated

sing only four separate GAMMA simulations rather th
undreds or thousands. Each successive simulation con
f an incremental rotation ofp/2 about thez axis, following the
rst and third 90° pulses. The results of the four simulat
ere summed. The correct magnetization magnitude
aintained by: (1) reducing the non-zero-order cohere

ollowing the first gradient pulse by 2/p, (2) zeroing all non

ero-order coherences following the second 90° pulse to simu
m.
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late the effects of the the TM gradient, and (3) further re
ng coherence projections byp/4 following the last 90° pulse
eroing of non-zero-order coherences during TM was pos
ecause GAMMA provides functions that enable manipula
f individual coherence orders.
To perform simulations for a particular spin syste
AMMA requires chemical shifts and coupling values

nput. For the simulations reported here, the following val
btained by line-fitted analysis of lactate spectra using the
rogram (Acorn NMR Inc., Fremont, CA), were used:s1 5
.0908 ppm,s2,3,4 5 1.3125 ppm, andJ 5 6.933 Hz.Given

hese values, simulations were performed for lactate, usin
ethod described to simulate STEAM. To compare with
xperimental data three sets of simulations were perfor
he first set consisted of spectra for 1000 TE values bet
and 300 ms at a fixed TM value of 70 ms. The second

onsisted of spectra for 1000 TE values between 7 and 30
t a fixed TM value of 12 ms. To investigate the oscillati
ue to coupling at high resolution relative to the period,

hird set consisted of spectra for 1000 TE values betwee
nd 20 ms at a fixed TM value of 12 ms. For each data se
oublet signal was obtained by integrating each spectrum

ween 0.8 and 2.0 ppm. In addition, the effect of a T2 ex
ential decay were added to match simulation and experi

al data.

lgebraic Analysis Using Mathematica

To verify the numerically simulated results, as well as c
rm the form of the analytic calculation derived by Wilm
nd Allen for the lactate spectrum obtained using STE
12), product operator calculations were performed symb
ally using Mathematica. These were based on the scrip
eloped by Shriver (7), with several modifications added.
articular the script was extended to handle calculations fo
X 3 system and the STEAM dephasing gradients. In addi
inor corrections such as sign corrections to the original s
ere added.
To simplify density operator calculations, the product o

tor formalism was introduced in (14). The basic principl
nderlying the product operator formalism is that the den
perator can be expanded in basis operators,Bk,

s~t! 5 O
k51

K

bk~t!Bk [3]

nd that the basis operators can be chosen in a way t
onvenient for a particular problem. For the Mathema
cript used in this report, the basis operators,Bk, consist o
ombinations of spherical angular momentum operators
rovide a convenient basis for tracking changes in coher
rder. Density operator calculations can then be carried

-sing the operator algebra, and the calculated quantities are
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149SIMULATION OF PULSE SEQUENCES
elated directly to experimental results. For a general intro
ion to product operator methods see (15).

The extension to handle the AX3 system consisted of addi
he appropriate rules for operator evolution under weak
ling for an AX3 spin system (16). For example, using the rul
iven in (16) the following coupling evolution rule for th
1S2

i product of spherical angular momentum operators ca
ritten as

I 1S2
iO¡

JI0~S0
1 1 S0

2 1 S0
3!

I 1S2
i ~cos~pJt! 2 2iS0

j sin~pJt!!

3 ~cos~pJt! 2 2iS0
ksin~pJt!!, i Þ j Þ k [4]

here the operatorI acts on the A spins and the operatorSacts
n the X spins.
The extension to handle gradients consisted of adding

us selection rules. One of the selection rules served to
nate nonzero coherence order terms during the TM evolu
nother eliminated multiple product operator terms that ha
ossibility of yielding observable terms, given the remain
et of RF and gradient pulses. For example, one of the t
btained in the expansion of the evolution rule in Eq. [4
4I 1S2

i S0
j S0

ksin2(pJt). This term has zero coherence or
nd survives the TM gradient. Noticing, however, that
ingle coherence order (i.e., observable) terms result from

FIG. 2. (A) Stackplot of GAMMA simulations for the STEAM sequen
he variation in amplitude of the doublet and quartet resonance groups
he evolution of the doublet resonance group for TE values between 10
he doublet described in the main text and that occurs at a frequencydv/2 '
pplication of the remaining RF and gradient pulses, this ters
c-

u-

e

ri-
-

n.
o

g
s

r
o
he

an be eliminated, reducing the number of terms carried i
emaining calculations.

Many of the symbolic techniques described in this re
eneralize to arbitrary spin systems, e.g., inclusion of
ffects of gradients and operators that eliminate unobser

erms. Nonetheless, generalization of the Mathematica scr
ther spin systems is more difficult than the straightforw
eneralization of the numerical simulations. This is bec
ymbolic calculations generally require a significant amou
ntervention to reduce and transform algebraic expressio
ach step of a calculation. It is difficult to anticipate all
lgebraic forms that will occur and need to be simplified an

ransformed at each step without following the calculation
y step. While the basic operations for the product ope
alculations generalize, calculations for any particular
ystem require that a number of specialized operation
eveloped in addition to the basic operations. This is no
ase for GAMMA simulations; once a technique has b
eveloped, it is applicable to any spin system.

xperimental Methods

Experimental data were obtained on a 14-T NMR spect
ter (Varian UNITY INOVA). The STEAM sequence us
onsisted of three 90° nonselective rectangular pulses of
ion 6.15ms, a TE/2 interval gradient of 1.01 ms duration
0.123 mG/cm (along theZ axis), a TM interval gradient of
s and 11 mG/cm (along theZ axis), 16K data points,

f lactate as a function of TE, and a fixed TM value of 12 ms. The plot ill
to the combined effects of chemical shift and coupling evolution. (B) Splot of

d 12 ms, and a fixed TM value of 12 ms. The plot illustrates the phase
kHz.
ce o
due
an
mpectral width of 4 kHz, and a sequence repetition delay of
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150 YOUNG ET AL.
5 s. The sample used was a 5-mm NMR tube containing
M lactate solution prepared in D2O at pH 7.0 (6.6 mete

eading). Spectra were acquired with TM values of 12 an
s, at a temperature of 37°C, without sample spinning.
ach TM value, spectra were acquired for 148 TE va
tarting at 7 ms and incremented in steps of 2 ms. An addit
ata set was acquired for TM5 12 ms, using 100 TE value
tarting with 10 ms and incremented in steps of 100ms. Each
ata file was zero filled and Fourier transformed. The dou
ignal integral was obtained by integrating each spec
etween 0.8 and 2.0 ppm, and normalizing the integral va

o the integral value obtained at the smallest TE value.

RESULTS

The results of the Mathematica calculation agree with
erived in (12), aside from a typographical error (the min
ign in front of the last exponential term in Eq. [4] of (12)). The
ntensity of the doublet as a function of TE is given as

S~TE! 5
1

2 Hcos2SJpTE

2 D 2
1

2
sin2SJpTE

2 D
3 S1 2

1

2
cos2SJpTE

2 DexpS idvTE

2 DD
3 cos2~ JpTM!cos~dvTM!J , [5]

heredv is the frequency difference between the quartet
he doublet. We maintain both real and imaginary parts o
ntensity in Eq. [5] because, as discussed below, the pha
he doublet signal has an observable effect.

FIG. 3. Plot of the signal integral of the lactate doublet as a functio
E, at TM 5 12 ms. The acquired data values (asterisks) are compared

he GAMMA simulation (solid line).
The variation in the amplitudes of the lactate multiplets asr
00

0
or
s
al

et
m
es

t

d
e
of

unction of TE, for the STEAM sequence with TM5 12 ms,
re shown in Fig. 2. The overall variation is composed
uperposition of terms with different frequencies in agreem
ith Eq. [5]. Two significant terms vary as a function of T
he first, with frequencyJp/ 2, is a function of the couplin
nd governs the overall shape of the integrated signal a

ude variation as a function of TE. The second, with freque
v/2, is a function of the chemical shift difference and
pectrometer frequency and governs the observed hig
uency oscillations.
The results of the GAMMA simulation produce doub

ntensity variations that are essentially identical to Eq.
herefore, in the figures only the results of the GAMM
imulations are shown and compared with the experim
ata. The Mathematica code is available from the author
In Fig. 3 is shown the integrated doublet intensity a

unction of TE for STEAM with TM5 12 ms for the GAMMA
imulation (dark line) and the data (asterisks). The agree
n terms of the overall shape appears excellent, though o
cale the high-frequency oscillations are hard to resolve. In
is shown a detailed view of the region between TE5 10 ms

nd TE5 20 ms. The data in this case were taken at an inte
f 100 ms. Even on this scale there is excellent agreem
etween the simulation and the experimental data. In this

he high-frequency oscillation atdv/2 ' 0.8 kHz is well
esolved. As discussed in (12) and confirmed from our Math
matica analysis, at a value of TM5 1/ 2J the high-frequenc
scillations vanish. This can be seen in Fig. 5, where

ntegrated doublet intensity is plotted as a function of TE, w
M 5 70 ms' 1/ 2J, for the GAMMA simulation (dark line
nd the data (asterisks). This effect is relatively insensitiv
mall changes in TM about TM5 1/ 2J, since, as can be se
rom Eq. [5], there is a relatively broad minimum of t
unction cos2( JpTM). This accounts for the relatively goo
greement between theory and experiment in (12) despite the

f
ith

FIG. 4. Enlarged view of the data integral shown in Fig. 3, for the

aange of 10 to 20 ms.
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151SIMULATION OF PULSE SEQUENCES
se of a coupling value of TM5 70 ms rather than the mo
ccurate value of 1/ 2J ' 72 ms as determined by our me
urements.
Finally, as can be seen in Eq. [5], there is also a p

ariation in the doublet, depending on TE, with freque
v/2. This variation is also visible in Fig. 2. While not larg
his phase variation would be significant in generating co
asis functions for spectral fitting.

DISCUSSION

In this report, two computational methods, numerical si
ation and symbolic computation, have been presented to
late a NMR response subject to the effects of magnetic
radients for dephasing and rephasing. The use of these
ds avoids the tedious algebra associated with the direc
ulation of complex spin systems with the product oper
ormalism and facilitates the generation of reliable results.
ork has extended two existing software packages. Both o
xtended packages were tested by modeling the response
X 3 spin system to excitation by the STEAM pulse seque
ith one-dimensional spatial localization, and by compar
ith experimental results. In both cases, excellent agree
etween simulation and experimental results was obtaine
ddition, the results have also been compared with a previ
ublished theoretical analysis, again with complete agreem

ogether with inclusion of the imaginary component in
esult. Although the application considered in this report
een simulation of spectra acquired using a specific sp

ocalization method, these results can be generally appli
ther NMR pulse sequences. This includes methods tha
agnetic field gradients for coherence selection and t
imensional STEAM localization sequences.
The first method presented used an efficient extension o

FIG. 5. Plot of the signal integral as a function of TE. Data (asterisks)
AMMA simulation results (solid line) are plotted for TM5 70 ms.
AMMA library to provide direct numerical simulation of spinm
se
y

ct

-
m-
ld
th-
al-
r

is
he
f an
e
n
nt
In

sly
nt,

s
ial
to
se
e-

he

esponses to gradient dephasing and rephasing. The u
AMMA, in general, is highly efficient in at least two way
irst, efficient use of GAMMA’s well-designed object-orien
lass libraries allows for rapid development of compact
rams for testing the responses of a variety of compound
ariety of pulse sequences. Second, the code generated
AMMA is generally very efficient in terms of processi

equirements. The extensions to GAMMA described in
eport, which allow for efficient simulation of gradients, p
ide a significant increase in the set of pulse sequences th
e effectively investigated by numerical simulation.
The second method used an expanded Mathematica sc

enerate an analytical result using the product operator fo
sm. Although more computationally intensive, this la

ethod can provide greater insight into the mechanisms g
ise to the results, and for some applications this may offe
dvantage. For example, to determine an optimal set of e

mental parameters it may be sufficient to directly examine
nalytical result, whereas numerical simulation would req
epeated calculations to determine the optimum values.
urrent form, however, additional programming is neces
efore the symbolic algebra approach is generally applicab
ll spin systems. Various difficulties, e.g., including the eff
f gradients and generating the algebraic operations for

nation of nonobservable terms, currently limit the size of s
ystems that can be accommodated with available com
esources. In comparing the numerical and symbolic metho
s important to note that the symbolic methods are significa

ore difficult to generalize to arbitrary spin systems as we
eing more computationally resource intensive. For GAM
imulations, once the chemical shifts and couplings for a
ystem are specified, GAMMA internally constructs the ap
riate Hamiltonian and evolves the density matrix. No cha

n the simulation code are required to handle different
ystems. If only the generation of simulated spectra is requ
nd no examination of intermediate steps in the calculati
equired, numerical simulation is clearly the method of cho

An important application of this work has been the gen
ion of a priori information for tissue metabolite spectra
erved using spatial localization methods. Determining
mplitudes of low-concentration metabolites from typ
oisy, overlapped spectra is generally very difficult. The ab

o perform the density matrix calculations for the respons
he tissue metabolites to the experimental pulse sequenc
ides significanta priori information that can be used f
tting the metabolite peaks. For this application, nume
imulations are performed to obtain the responses of the
etabolites of interest to the experimental pulse sequence
utcome of the simulations is a set of basis functions to be

n a parametric spectral analysis procedure. By using the
erical simulation methods presented in this report, spe

esults can be obtained not only for the STEAM acquisi
equence but also for a number of pulse sequences that p

d

ultiple-quantum observation. Using numerical simulation,
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he requireda priori information can be rapidly generated w
inimal user interaction. For either numerical simulation

ymbolic calculation, an additional potential application
ptimization of pulse sequence parameters to emphasiz
ignal of specific spin systems, in the presence of overlap
esonances from other compounds (10). The authors will be
leased to provide the GAMMA simulation code and
athematica script upon request.
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