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Computer-aided methods can considerably simplify the use of
the product operator formalism for theoretical analysis of NMR
phenomena, which otherwise becomes unwieldy for anything but
simple spin systems and pulse sequences. In this report, two
previously available programming approaches using symbolic al-
gebra (J. Shriver, Concepts Magn. Reson. 4, 1-33, 1992) and
numerical simulation using object-oriented programming (S. A.
Smith, T. O. Levante, B. H. Meier, and R. R. Ernst, J. Magn.
Reson. A 106, 75-105, 1994) have been extended to include the use
of gradient operators for simulation of spatially localized NMR
spectroscopy and gradient coherence selection. These methods are
demonstrated using an analysis of the response of an AX; spin
system to the STEAM pulse sequence and verified with experi-

NMR signal. This capability can be useful for designing se
quences to select specific coherence transfer pathv@ys (
There are many situations where an accurate spectral sin
lation of complex systems is desirable, for example, to provid
a priori information for parametric spectral analys$§ &nd to
adjust pulse sequence parameters to optimize observation c
particular compound1(). Our previous use of the GAMMA
library was for generation of tha priori spectral information
(frequencies, relative amplitudes, and phases) for known tiss
metabolites when subjected to a particular localization s
quence 8). This information was then used for the basis
functions in a parametric analysis of vivo 'H spectra ob-

mental measurements on lactate. © 1999 Academic Press
Key Words: NMR; spectral simulation; product operator formal-
ism; Mathematica; GAMMA; STEAM.

tained from human brain. This simulation approach provide
accurate information for each compound for which sheou-
pling and chemical shift values are known. The simulatior
approach offers considerable flexibility, enabling spectral in
formation to be easily generated for any pulse sequence, f
rameter set, and field strengtB)(

The theory of] coupling in NMR is well understood, and the The GAMMA library uses a density matrix description of

evolution of spin coherences under the action of RF pulses ¢ SPin system and provides an object-oriented programmi
be conveniently described using the product operator formdPProach for the simulation of NMR experiments. However
ism (1, 2. However, the algebra involved in the analysis df'® density matrix description of a spin system does not inhe
coupled spins for multiple-pulse sequences applied to coﬁﬂt!y include the ability to accour_n for spatially dependen
pounds with more than three or four coupled spins becoméiables that are necessary to simulate a number of NM
extremely tedious. For these more complex coupled spin cas@&auisition sequences, including those used for spatial loc
computational methods can greatly facilitate the analysis. Fg@tion. This capability can be incorporated using additione
example, we recently demonstrated the use of direct numeriBgpgramming, for example, by repeatedly simulating a re
simulation @, 4), using the publicly available GAMMA library SPonse for multiple spatial positions, subject to the varyin
(5). Other recent examples of direct numerical simulation aldgfluences of gradients and frequency-selective pulses. Hol
exist @, 6). In addition, it has been shown that symboli€Ver, this approach significantly increases computational r
algebra packages such as Mathematica can be used to perfadifements. In this report, the capability of the GAMMA
the product operator calculation®) ( library has been extended to enable efficient methods f
While either of these two different computational apsimulation of gradients. This extended capability was used |
proaches may be used to simulate the observed NMR resposé@ulate the response of an AXystem to the STEAM()
they are also complementary. In general, numerical simulatiosgatial localization pulse sequence. Algebraic results have r
are considerably faster, require less memory, and can be cg@ntly been presented for this proble@®), which provide a
ried out for complex systems that would be difficult to simulattgliable base for comparison of the results presented here.
symbolically. On the other hand, direct inspection of the algshould be emphasized that the results discussed in this rep
braic terms in a representation of the density matrix operatmodel the gradients applied between the RF pulses (Fig. 1) a
can provide insight into the evolution of individual coherenceot the localization gradients. It is the effects of the betwee
terms as well as provide their contributions to the resultaRf- pulse gradients on the resulting spectra that are of intere
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The effects of localization gradients and non-ideal shaped | e e »|
pulses can also be modeled. This can be done by consideration TE/2 ™ TE/2
of evolution of the spin system, during application of the
shaped pulse, for a number of effective field strengths. By
considering separate simulations of the shaped pulse in con- RF
X

stant fields, and then summing the results, rather than treating
the gradient pulse as an operator, the fact that RF and gradient
pulse operators do not commute can be effectively ignored.

This, however, is not the subject of this report and will not be |—| |—L

discussed further.
There are a number of packages available for performing
symbolic product operator calculationg, 3. In this report G T Gor G T
the package described by Shrivéh) (vas modified and ex- _ _
tended to include gradient selection operators, and the ability t§'C: - _Schematic of the STEAM pulse sequence. This shows RF pulss
. . . . ’with the same phase, and gradient pulses in Zhdirection, as was used
retain only product operator combinations that could give riggyerimentally.
to observable magnetization. This latter step greatly reduced
the time and memory requirements for the STEAM simulations

of an AX, system. Finally, we confirmed the accuracy of thgsgymed. As in1), it has been assumed that the gradien
numenpal 5|mulgt|ons and symbolic pomputatlons by COMPafpnlied during the TM period was strong enough that onl
ison with experimental results obtained for lactate (ansAXerg-order coherences (i.e., coherences that are insensitive

spin system) at 14 T. The longer-term goal of this work is @i gradient) could be refocused in the final TE/2 period, t
apply the tools developed to more complicated spin SVSter@%nerate observable signal.

and to other localization experiments. Although there is someT test the methods described below, the effect of th
duplication of the report of Wilman and Alled2) with respect gTpam sequence on the lactate A¥ystem was studied. This
to the analysis of the AXspin system, a more detailed experg;p, system was selected because the product operator cal
ime'nFaI ve.rification. of the theoretical results is provided, andtions under STEAM have been previously reported in th
additional information is presented. literature (L2), yet the calculations are sufficiently complicated
to constitute a meaningful test of both numeric simulations an
METHODS symbolic product operator calculations.

To qbtain model sp(_actra it is first necessary to _calculate tRﬁ‘Jmerical Simulations Using GAMMA
evolution of the density operators associated with the com-

pounds of interest, under the pulse sequence of interest. Th&he most efficient way of generating model spectra is vi
evolution of the density operator is given by the Liouville-vomumerical simulation. For spin systems with more than five o
Neumann equation: six spins, numerical simulations are in fact the only practice
means of obtaining theoretical spectra as analytical calcul
o= —i#k[H, o]. 1] tions are simply too difficult. In this report, simulation of the
STEAM experiment is facilitated by introducing efficient
For this report only time-independent Hamiltoniag, are methods for simulation (_)f the effects of the gradients applie

considered. In this case, the solution to Eq. [1] is given foP—etWeen the R pulses into the GAMMA package.
: ' ' To simulate STEAM, consideration of spatially dependen
mally by . . ) . ‘
gradient-induced phases for the spin coherences is necess:
Although the GAMMA package does not specifically provide
o(t) = e "o (0)e™ [2]  this functionality, it can be added simply by performing a large
number of simulations for spin systems with different effective
As discussed in the Introduction, spin evolution subject &pectrometer frequencies during the gradient periods, and co
the STEAM sequence is considered. Previous reports hairing the results. However, this approach can be very time
demonstrated experimental and theoretical analys8s én- consuming. Simulation of the effect of a gradient require
abling convenient comparison with the results obtained. Tlenulations at hundreds of points (in each spatial dimension ft
STEAM sequence consists of three 90° pulses, with each pulsealization sequences). For example, a typical singl
followed by gradient pulses as indicated in Fig. 1. Although tteAMMA simulation of STEAM for a four-spin system takes
GAMMA package is capable of simulating realistic pulsen the order of tens of seconds (on a SPARC 20). Thus, the u
shapes, for simplicity, and to facilitate comparison with thef hundreds of individual simulations (for the gradient values
symbolic calculations, ideal (rectangular) RF pulses have besauld require on the order of hours for simulation of a single
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pulse sequence that included gradients, for a four-spin systerate the effects of the the TM gradient, and (3) further reduc
Given that one of the potentially important applications dhg coherence projections /4 following the last 90° pulse.
these methods is to search for optimal values for multiperoing of non-zero-order coherences during TM was possib
sequence parameters for observation of a variety of spin specause GAMMA provides functions that enable manipulatio
tems, significant reductions in simulation times are useful. bf individual coherence orders.
this report advantage is taken of insights gained from theTo perform simulations for a particular spin system,
product operator calculations regarding coherence transferGAMMA requires chemical shifts and coupling values as
generate a computationally efficient simulation scheme foput. For the simulations reported here, the following values
simulating gradients, and therefore for simulating STEAM. obtained by line-fitted analysis of lactate spectra using the Nu
The effects of the gradients in the initial and final TEprogram (Acorn NMR Inc., Fremont, CA), were useg: =
periods, shown in Fig. 1, are to change the phase of terms400908 ppmo,s, = 1.3125 ppm, and = 6.933 Hz.Given
coherence ordegp by an amount-py(G - r)t, wherevy is the these values, simulations were performed for lactate, using tl
gyromagnetic ratio of the nucleus being considei®ds the method described to simulate STEAM. To compare with th
gradient vectorr is the position vector of the spin system, anéxperimental data three sets of simulations were performe
t is the duration of the gradient pulse. A straightforward way dfhe first set consisted of spectra for 1000 TE values betwe
simulating the gradients, i.e., the effects of tGe- r term, 7 and 300 ms at a fixed TM value of 70 ms. The second s
would be to specify a set of effective spectrometer frequenciesnsisted of spectra for 1000 TE values between 7 and 300 1
in GAMMA, corresponding to a set of spatial locations. Inat a fixed TM value of 12 ms. To investigate the oscillation:
stead, the assumption that the gradient strengths and duratidus to coupling at high resolution relative to the period, th
are sufficient to produce zero net transverse magnetizatiorthigd set consisted of spectra for 1000 TE values between
used. As indicated above, each coherence order above zeroarah20 ms at a fixed TM value of 12 ms. For each data set tl
be viewed as a vector quantity with an associated phase. Thimblet signal was obtained by integrating each spectrum b
the effect of a gradient pulse is to produce a distribution dfveen 0.8 and 2.0 ppm. In addition, the effect of a T2 expc
phases for each coherence order above zero, with the phasetial decay were added to match simulation and experime
angle depending upon the spatial position of the spins. Tal data.
simulate the effect of the gradients, we may consider just the
projections of the individual coherences upon theandy Algebraic Analysis Using Mathematica

rdin Xes in the rotati . initi izati . . .
coordinate axes in the rotating frame. The initial magnetlzatlon.l_o verify the numerically simulated results, as well as con

is represented by coherence terms of order zero. As there are . . . .
. : o irm the form of the analytic calculation derived by Wilman
no coherence order zero terms following the first 90° pulse, the

i e o apd Allen for the lactate spectrum obtained using STEANMN
effect of the first gradient is to distribute the coherences su ; .
S ), product operator calculations were performed symbol

that there are equal projections about ey, —x, and —y

SR lly using Mathematica. These were based on the script d
axes. Each coherence projection is reduced by the factor %/:Ioped by Shriver®), with several modifications added. In

from the original coherence magnitude. The fate of each pro:

jection is then followed by separate GAMMA simulations. Fopartlcular the script was extended to handle c_alculat|ons fqr_ t
" o AX 5 system and the STEAM dephasing gradients. In additiot
each of the projections, the second 90° pulse can produce zero-

and higher-order coherences, but the gradient during the Wer:gr;é)(;gctlons such as sign corrections to the original scri

period effectively destroys all but the zero-order coherences_l_0 simplify density operator calculations, the product oper

Following the third 90° pulse, the final gradient adds addltlon%{or formalism was introduced inl4). The basic principle

hase equal to that produced by the initial gradient. This . L .
Eeduces ?he coherencg projectionyby a factomgf without underlying the product operator formalism is that the densit

producing any net projections in other directions. Note that trc])gerator can be expanded in basis operaiys,

net reduction is the product of the individual reductions (2/

m)(ml4) = 3, i.e., the familiar net decrease in amplitude &dr K
the STEAM sequence. o(t) = 2 b(t)By (3]
In summary, the effect of the gradients was simulated by k=1

using only four separate GAMMA simulations rather than

hundreds or thousands. Each successive simulation consisted that the basis operators can be chosen in a way that
of an incremental rotation af/2 about thez axis, following the convenient for a particular problem. For the Mathematic:
first and third 90° pulses. The results of the four simulatiorscript used in this report, the basis operat@®g, consist of
were summed. The correct magnetization magnitude wesmbinations of spherical angular momentum operators th
maintained by: (1) reducing the non-zero-order coherenge®vide a convenient basis for tracking changes in coheren
following the first gradient pulse by 2/ (2) zeroing all non- order. Density operator calculations can then be carried o
zero-order coherences following the second 90° pulse to siosing the operator algebra, and the calculated quantities &
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FIG. 2. (A) Stackplot of GAMMA simulations for the STEAM sequence of lactate as a function of TE, and a fixed TM value of 12 ms. The plot illustr
the variation in amplitude of the doublet and quartet resonance groups due to the combined effects of chemical shift and coupling evolutioplqB)fStac
the evolution of the doublet resonance group for TE values between 10 and 12 ms, and a fixed TM value of 12 ms. The plot illustrates the phase var
the doublet described in the main text and that occurs at a frequisi@y~ 1.7 kHz.

related directly to experimental results. For a general introduzan be eliminated, reducing the number of terms carried in t
tion to product operator methods sdé)( remaining calculations.

The extension to handle the AXystem consisted of adding Many of the symbolic techniques described in this repot
the appropriate rules for operator evolution under weak cogeneralize to arbitrary spin systems, e.g., inclusion of th
pling for an AX, spin system16). For example, using the ruleseffects of gradients and operators that eliminate unobserval
given in (16) the following coupling evolution rule for the terms. Nonetheless, generalization of the Mathematica script
|, S. product of spherical angular momentum operators can bther spin systems is more difficult than the straightforwar
written as generalization of the numerical simulations. This is becaus

symbolic calculations generally require a significant amount ¢

' Jlo(SE+ S2+ SP) intervention to reduce and transform algebraic expressions

ISt each step of a calculation. It is difficult to anticipate all the
algebraic forms that will occur and need to be simplified and/c

I,S' (cogmwJt) — 2iShsin(wJt)) transformed at each step without following the calculation ste

X (cogmdt) — 2iSksin(w D), i %] # K [4] by step: While the pasic operatipns for the produpt operatf
calculations generalize, calculations for any particular spi

. system require that a number of specialized operations |
where the operatdracts on the A spins and the operaBiacts developed in addition to the basic operations. This is not th

on the X spins. . T .
; . . . case for GAMMA simulations; once a technique has bee
The extension to handle gradients consisted of adding v a a

ous selection rules. One of the selection rules served to eﬁgné_veloped, itis applicable to any spin system.
inate nonzero coherence order terms during the TM evolutio&
Another eliminated multiple product operator terms that had no
possibility of yielding observable terms, given the remaining Experimental data were obtained on a 14-T NMR spectron
set of RF and gradient pulses. For example, one of the tergter (Varian UNITY INOVA). The STEAM sequence used
obtained in the expansion of the evolution rule in Eq. [4] isonsisted of three 90° nonselective rectangular pulses of dul
—41,S! S)Sysin’(wJt). This term has zero coherence ordetion 6.15us, a TE/2 interval gradient of 1.01 ms duration anc
and survives the TM gradient. Noticing, however, that nd0.123 mG/cm (along thg axis), a TM interval gradient of 8

single coherence order (i.e., observable) terms result from the and 11 mG/cm (along thg axis), 16K data points, a

application of the remaining RF and gradient pulses, this tespectral width of 4 kHz, and a sequence repetition delay

perimental Methods
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function of TE, for the STEAM sequence with TM 12 ms,
are shown in Fig. 2. The overall variation is composed of
superposition of terms with different frequencies in agreemel
] with Eg. [5]. Two significant terms vary as a function of TE.
It The first, with frequencylw/ 2, is a function of the coupling
i 1 and governs the overall shape of the integrated signal amp
tude variation as a function of TE. The second, with frequenc
] dw/2, is a function of the chemical shift difference and the
i spectrometer frequency and governs the observed high-fi
quency oscillations.
The results of the GAMMA simulation produce doublet
intensity variations that are essentially identical to Eq. [5]
o - Therefore, in the figures only the results of the GAMMA
0 100 200 300 simulations are shown and compared with the experiment
data. The Mathematica code is available from the authors.
TE (ms) In Fig. 3 is shown the integrated doublet intensity as :
FIG. 3. Plot of the signal integral of the lactate doublet as a function diNCtion of TE for STEAM with TM= 12 ms for the GAMMA
TE, at TM = 12 ms. The acquired data values (asterisks) are compared wiimulation (dark line) and the data (asterisks). The agreeme
the GAMMA simulation (solid line). in terms of the overall shape appears excellent, though on t
scale the high-frequency oscillations are hard to resolve. In Fi
- is shown a detailed view of the region between*HO0 ms
15s. The sample used was a 5-mm NMR tube containing 1§Qd TE= 20 ms. The data in this case were taken at an interv

mM lactate solution prepared in,D at pH 7.0 (6.6 meter . .
. . . 100 us. Even on this scale there is excellent agreemel
reading). Spectra were acquired with TM values of 12 and : : . .
etween the simulation and the experimental data. In this cas

ms, at a temperature of 37°C, W'thO.Ut sample spinning. Ff?"lre high-frequency oscillation adw/2 ~ 0.8 kHz is well
each TM value, spectra were acquired for 148 TE values . . i

. : : . résolved. As discussed ii2) and confirmed from our Math-
starting at 7 ms and incremented in steps of 2 ms. An additiongd

data set was acquired for TM 12 ms, using 100 TE Valuesematlca analysis, at a value of T¥ 1/2J the high-frequency

. . . . oscillations vanish. This can be seen in Fig. 5, where th
starting with 10 ms and incremented in steps of 130 Each . ; L : .
data file was zero filled and Eourier transformed. The doub ntegrated doublet intensity is plotted as a function of TE, witt

X M = 70 ms~ 1/2J, for the GAMMA simulation (dark line)

signal integral was obtained by mtegr.atlng ca ch spectruamd the data (asterisks). This effect is relatively insensitive 1
between 0.8 and 2.0 ppm, and normalizing the integral values . .
; . small changes in TM about TM 1/2J, since, as can be seen
to the integral value obtained at the smallest TE value. : . .
from Eq. [5], there is a relatively broad minimum of the
function cod(JwTM). This accounts for the relatively good

agreement between theory and experimentl?) (lespite the

1.0

g
)

Doublet Intensity

o
o

RESULTS

The results of the Mathematica calculation agree with that
derived in (2), aside from a typographical error (the minus 1.0
sign in front of the last exponential term in Eq. [4] 41%). The
intensity of the doublet as a function of TE is given as

1 JnTE 1  _[JnTE
S(TE) = > {cos,z( ) - = sm2<)

Doublet Intensity
o
«©

2 2 2

1 @ JnTE i0wTE
x(l—zco ( > )exp( 5 ))
X cosz(JwTM)cos(SwTM)}, [5]

l I [ I I
wheredw is the frequency difference between the quartet and 0.8 — — — — —

12 16
the doublet. We maintain both real and imaginary parts of the 10 14 18 20
intensity in Eq. [5] because, as discussed below, the phase of TE (ms)

the dOUble_t §ign.al has an Qbservable effect. _ FIG. 4. Enlarged view of the data integral shown in Fig. 3, for the TE
The variation in the amplitudes of the lactate multiplets asrange of 10 to 20 ms.
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responses to gradient dephasing and rephasing. The use
GAMMA, in general, is highly efficient in at least two ways.
First, efficient use of GAMMA'’s well-designed object-oriented
class libraries allows for rapid development of compact pro
grams for testing the responses of a variety of compounds tc
variety of pulse sequences. Second, the code generated us
GAMMA is generally very efficient in terms of processing
requirements. The extensions to GAMMA described in thi:
report, which allow for efficient simulation of gradients, pro-
vide a significant increase in the set of pulse sequences that c
be effectively investigated by numerical simulation.
The second method used an expanded Mathematica scripi
. . generate an analytical result using the product operator forme
100 200 300 ism. Although more computationally intensive, this lattet
TE (ms) method can provide greater insight into the mechanisms givir
rise to the results, and for some applications this may offer &
FIG. 5. _Plot qf the signal int(_egre_al as a function of TE. Data (asterisks) a”gdvantage. For example, to determine an optimal set of expe
GAMMA simulation results (solid line) are plotted for TM 70 ms. . . - . .
imental parameters it may be sufficient to directly examine th
analytical result, whereas numerical simulation would requir

use of a coupling value of TM= 70 ms rather than the morerepeated calculations to determine the optimum values. In i
accurate value of 1/2~ 72 ms as determined by our meacurrent form, however, additional programming is necessal
surements. before the symbolic algebra approach is generally applicable

Finally, as can be seen in Eq. [5], there is also a phagl spin systems. Various difficulties, e.g., including the effect
variation in the doublet, depending on TE, with frequenc?f gradients and generating the algebraic operations for elir
Sw/2. This variation is also visible in Fig. 2. While not largeination of nonobservable terms, currently limit the size of spir
this phase variation would be significant in generating corregystems that can be accommodated with available compu

1.0

o
o

Doublet Intensity

basis functions for spectral fitting. resources. In comparing the numerical and symbolic methods
is important to note that the symbolic methods are significantl
DISCUSSION more difficult to generalize to arbitrary spin systems as well &

being more computationally resource intensive. For GAMMA

In this report, two computational methods, numerical simimulations, once the chemical shifts and couplings for a sp
lation and symbolic computation, have been presented to sisystem are specified, GAMMA internally constructs the apprc
ulate a NMR response subject to the effects of magnetic figddate Hamiltonian and evolves the density matrix. No change
gradients for dephasing and rephasing. The use of these maththe simulation code are required to handle different spi
ods avoids the tedious algebra associated with the direct cglstems. If only the generation of simulated spectra is require
culation of complex spin systems with the product operatand no examination of intermediate steps in the calculation
formalism and facilitates the generation of reliable results. Thisquired, numerical simulation is clearly the method of choice
work has extended two existing software packages. Both of theAn important application of this work has been the genere
extended packages were tested by modeling the response di@m of a priori information for tissue metabolite spectra ob-
AX ;5 spin system to excitation by the STEAM pulse sequenserved using spatial localization methods. Determining th
with one-dimensional spatial localization, and by comparis@mplitudes of low-concentration metabolites from typica
with experimental results. In both cases, excellent agreemenisy, overlapped spectra is generally very difficult. The ability
between simulation and experimental results was obtained.ténperform the density matrix calculations for the response ¢
addition, the results have also been compared with a previousig tissue metabolites to the experimental pulse sequence p
published theoretical analysis, again with complete agreemerites significanta priori information that can be used for
together with inclusion of the imaginary component in thétting the metabolite peaks. For this application, numerice
result. Although the application considered in this report hasmulations are performed to obtain the responses of the set
been simulation of spectra acquired using a specific spatiaétabolites of interest to the experimental pulse sequence. T
localization method, these results can be generally appliedowgtcome of the simulations is a set of basis functions to be us
other NMR pulse sequences. This includes methods that urse parametric spectral analysis procedure. By using the n
magnetic field gradients for coherence selection and thremerical simulation methods presented in this report, spectr
dimensional STEAM localization sequences. results can be obtained not only for the STEAM acquisitiot
The first method presented used an efficient extension of eguence but also for a number of pulse sequences that prov
GAMMA library to provide direct numerical simulation of spinmultiple-quantum observation. Using numerical simulation
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